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Wormhole geometries supported by a nonminimal curvature-matter coupling
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Wormhole geometries in curvature-matter coupled modified gravity are explored, by considering
an explicit nonminimal coupling between an arbitrary function of the scalar curvature, R, and
the Lagrangian density of matter. It is the effective stress-energy tensor containing the coupling
between matter and the higher order curvature derivatives that is responsible for the null energy
condition violation, and consequently for supporting the respective wormhole geometries. The
general restrictions imposed by the null energy condition violation are presented in the presence of
a nonminimal R−matter coupling. Furthermore, obtaining exact solutions to the gravitational field
equations is extremely difficult due to the nonlinearity of the equations, although the problem is
mathematically well-defined. Thus, we outline several approaches for finding wormhole solutions,
and deduce an exact solution by considering a linear R nonmiminal curvature-matter coupling and
by considering an explicit monotonically decreasing function for the energy density. Although it is
difficult to find exact solutions of matter threading the wormhole satisfying the energy conditions
at the throat, an exact solution is found where the nonminimal coupling does indeed minimize the
violation of the null energy condition of normal matter at the throat.
PACS numbers: 04.50.-h, 04.50.Kd, 04.20.Jb, 04.20.Cv
I. INTRODUCTION
Cosmology is said to be thriving in a golden age, where
a central theme is the perplexing fact that the Universe is
undergoing an accelerating expansion [1]. The late-time
cosmic accelerated expansion is one of the most impor-
tant and challenging current problems in cosmology, and
represents a new imbalance in the governing gravitational
equations. The cause of this acceleration still remains an
open and tantalizing question. Historically, physics has
addressed such imbalances by either identifying sources
that were previously unaccounted for, or by altering the
governing equations. The latter approach presents a very
promising way to explain this major problem and as-
sumes that at large scales Einstein’s theory of General
Relativity breaks down, where a more general action de-
scribes the gravitational field. The Einstein field equa-
tion of General Relativity was first derived from an action
principle by Hilbert, by adopting a linear function of the
scalar curvature, R, in the gravitational Lagrangian den-
sity. However, there are no a priori reasons to restrict the
gravitational Lagrangian to this form, and indeed sev-
eral generalizations of the Einstein-Hilbert Lagrangian
have been proposed, including “quadratic Lagrangians”,
involving second order curvature invariants such as R2,
RµνR
µν , RαβµνR
αβµν , εαβµνRαβγδR
γδ
µν , CαβµνC
αβµν , etc
[2]. The physical motivations for these modifications of
gravity were related to the possibility of a more realistic
representation of the gravitational fields near curvature
singularities and to create some first order approximation
for the quantum theory of gravitational fields.
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In this context, a more general modification of the
Einstein-Hilbert gravitational Lagrangian density involv-
ing an arbitrary function of the scalar invariant, f(R),
was considered in [3], and further developed in [4–6]. Re-
cently, a renaissance of f(R) modified theories of gravity
has been verified in an attempt to explain the late-time
accelerated expansion of the Universe [7–11]. We refer
the reader to [12] for reviews on this subject. It is also
interesting to note that in the context of dark matter, the
possibility that the galactic dynamics of massive test par-
ticles may be understood without the need for dark mat-
ter was also considered in the framework of f(R) gravity
models [13], and connections with MOND and the pio-
neer anomaly further explored by considering an explicit
coupling of an arbitrary function ofR with the matter La-
grangian density [14]. In the latter context, it was shown
that a curvature-matter coupling induces a non-vanishing
covariant derivative of the stress-energy, ∇µT µν 6= 0.
Generally, the non-vanishing covariant divergence of the
stress-energy tensor implies non-geodesic motion. The
latter, due to the non-minimal couplings present in the
model, imply the violation of the equivalence principle,
which is highly constrained by solar system experimental
tests [15, 16]. However, it has been recently reported,
from data of the Abell Cluster A586, that interaction of
dark matter and dark energy does imply the violation of
the equivalence principle [17]. Thus, it is possible to test
these models with non-minimal couplings in the context
of the violation of the equivalence principle. It is also
important to emphasize that the violation of the equiv-
alence principle is also found as a low-energy feature of
some compactified version of higher-dimensional theories.
The equations of motion of test bodies for a theory
with nonminimal coupling were also obtained by means
of a multipole method [18]. This potentially leads to
2appearance of an extra force [14, 19]. In this context, the
perihelion precession of an elliptical planetary orbit in the
presence of an extra force was obtained in a general form,
and the magnitude of the extra gravitational effects was
constrained in the case of a constant extra force by us-
ing Solar System observations [20]. Implications, for in-
stance, for stellar equilibrium have been studied in Ref.
[21]. The equivalence with scalar-tensor theories with
two scalar fields has been considered in Ref. [22], and
a viability stability criterion was also analyzed in Ref.
[23]. Analogous nonlinear gravitational couplings with a
matter Lagrangian were also considered in the context
of proposals to address the cosmic accelerated expansion
[24], dark matter [25], in the analysis of the cosmological
constant problem [26], the curvature-matter coupling vi-
ability has been analyzed from the point of view of the
energy conditions and of their stability under the Dolgov-
Kawasaki criterion [27], and matter density perturba-
tions were analyzed to constrain the curvature-matter
coupling theory from growth factor and weak lensing ob-
servations [28]. In [29], modified gravity with a nonmin-
imal curvature-matter coupling in the Palatini formula-
tion was considered, and in [30], the f(R) type gravity
models was generalized by assuming that the gravita-
tional Lagrangian is given by an arbitrary function of
the Ricci scalar R and of the matter Lagrangian Lm. We
refer the reader to Ref. [31] for a recent review on the
nonminimal curvature-matter coupling.
In this paper, we explore the possibility that worm-
hole geometries be constructed by considering an explicit
coupling between an arbitrary function of the scalar cur-
vature, R, and the Lagrangian density of matter. The
coupling between the matter and the higher derivative
curvature terms describes an exchange of energy and
momentum between both, which is responsible for sup-
porting the wormhole geometries. The general restric-
tions imposed by the null energy condition violation are
presented in the presence of a nonminimal R−matter
coupling. Furthermore, obtaining exact solutions to the
gravitational field equations is extremely difficult due to
the nonlinearity of the equations, although the problem
is mathematically well-defined. Thus, we outline several
approaches for finding wormhole solutions, and deduce
an exact solution by considering a linear R nonmiminal
curvature-matter coupling and by considering an explicit
monotonically decreasing function for the energy density.
Although it is difficult to find exact solutions of matter
threading the wormhole satisfying the energy conditions
at the throat, exact solutions are found where the non-
minimal coupling does indeed minimize the violation of
the null energy condition of normal matter at the throat.
The latter aspect has been given a particularly important
treatment in the literature [32], as it is a challenging fea-
ture of wormhole physics to minimize the amount of null
energy condition violating matter threading the worm-
hole.
Note that in classical general relativity, wormholes
are supported by exotic matter, which involves a stress-
energy tensor that violates the null energy condition
(NEC) [33, 34]. The NEC is given by Tµνk
µkν ≥ 0,
where kµ is any null vector. Several candidates have
been proposed in the literature, amongst which we re-
fer to solutions in higher dimensions, for instance in
Einstein-Gauss-Bonnet theory [35, 36], wormholes on the
brane [37]; solutions in Brans-Dicke theory [38]; worm-
holes constructed in f(R) gravity; [39]; wormhole solu-
tions in semi-classical gravity (see Ref. [40] and refer-
ences therein); exact wormhole solutions using a more
systematic geometric approach were found [41]; worm-
hole solutions and thin shells [42]; geometries supported
by equations of state responsible for the cosmic accelera-
tion [43]; spherical wormholes were also formulated as an
initial value problem with the throat serving as an initial
value surface [44]; solutions in conformal Weyl gravity
were found [45], and thin accretion disk observational
signatures were also explored [46], etc (see Refs. [47, 48]
for more details and [48] for a recent review).
This paper is organized in the following manner: In
Sec. II, we present a brief outline of the nonminimal
curvature-matter coupling in f(R) modified theories of
gravity. In Sec. III, we construct wormhole geometries
supported by the nonminimal curvature-matter coupling,
paying close attention to the energy conditions, and out-
lining different approaches in finding specific solutions.
We further analyze in detail a particular solution by spec-
ifying the energy density threading the wormhole. We
conclude in Sec. IV.
II. NONMINIMAL CURVATURE-MATTER
COUPLING IN f(R) GRAVITY
The action for a nonminimal curvature-matter cou-
pling in modified theories of gravity, considered in this
work [14], is given by
S =
∫ {
1
2
f1(R) + [1 + λf2(R)]Lm
}√−g d4x , (1)
where fi(R) (with i = 1, 2) are arbitrary functions of the
Ricci scalar R and Lm is the Lagrangian density corre-
sponding to matter. The coupling constant λ character-
izes the strength of the interaction between f2(R) and
the matter Lagrangian.
Varying the action with respect to the metric gµν yields
the field equations, given by
F1(R)Rµν − 1
2
f1(R)gµν −∇µ∇ν F1(R) + gµνF1(R)
= −2λF2(R)LmRµν + 2λ(∇µ∇ν − gµν)LmF2(R)
+ [1 + λf2(R)]T
(m)
µν , (2)
with the definition Fi(R) = f
′
i(R), where the prime repre-
sents the derivative with respect to the scalar curvature.
The stress-energy tensor is defined as
T (m)µν = −
2√−g
δ(
√−gLm)
δ(gµν)
. (3)
3The contraction of the field equation (2) yields the
trace equation
F1R− 2f1 + 3F1 = −2λ (RF2Lm + 3LmF2)
+ (1 + λf2)T
(m) (4)
which shows that the Ricci scalar is a fully dynamical
degree of freedom.
Taking into account the covariant derivative of the field
Eqs. (2), the Bianchi identities, ∇µGµν = 0, and the
identity
(∇ν −∇ν)Fi = Rµν ∇µFi , (5)
one finally deduces the relationship
∇µT (m)µν =
λF2
1 + λf2
[
gµνLm − T (m)µν
]
∇µR . (6)
Equation (6) shows that the coupling between the matter
and the higher derivative curvature terms describes an
exchange of energy and momentum between both [14].
It is interesting to note that analogous couplings arise
after a conformal transformation in the context of scalar-
tensor theories of gravity, and also in string theory. In
the absence of the coupling, one verifies the conservation
of the stress-energy tensor [14, 49], which can also be
verified from the diffeomorphism invariance of the matter
part of the action [50–52]. Note that from Eq. (6), the
conservation of the stress-energy tensor is also verified if
f2(R) is a constant or the matter Lagrangian is not an
explicit function of the metric.
Equation (6) provides non-geodesic motion governed
by the following equation of motion for a fluid element:
dUµ/ds + ΓµαβU
αUβ = fµ, where the extra force, fµ, is
given by
fµ =
1
ρ+ p
[
λF2
1 + λf2
(Lm − p)∇νR +∇νp
]
hµν , (7)
and hµν = gµν+UµUν is the the projection operator [14],
and for simplicity, we have considered the stress-energy
tensor for a perfect fluid
T (m)µν = (ρ+ p)UµUν + pgµν , (8)
where ρ is the energy density and p, the pressure, respec-
tively, and Uµ is the four-velocity.
However, a subtle issue needs to be pointed out. In
a recent paper [53], the authors argued that a “natu-
ral choice” for the matter Lagrangian density for perfect
fluids is Lm = p, based on Refs. [54, 55], where p is
the pressure. This choice has a particularly interesting
application in the analysis of the curvature-matter cou-
pling for perfect fluids, which imposes the vanishing of
the extra force [14]. Despite the fact that Lm = p does
indeed reproduce the perfect fluid equation of state, it
is not unique [56]. Other choices include, for instance,
Lm = −ρ [55, 57, 58], where ρ is the energy density, or
Lm = −na, were n is the particle number density, and a
is the physical free energy defined as a = ρ/n− Ts, with
T being the temperature and s the entropy per particle
(see Ref. [55, 56] for details).
Therefore, no immediate conclusion may be extracted
regarding the additional force imposed by the nonmini-
mal coupling of curvature to matter, given the different
available choices for the Lagrangian density. One may
conjecture that there is a deeper principle or symmetry
that provides a unique Lagrangian density for a perfect
fluid [56]. This has not been given due attention in the
literature, as arbitrary gravitational field equations de-
pending on the matter Lagrangian have not always been
the object of close analysis. See Ref. [56] for more details.
III. WORMHOLE GEOMETRIES SUPPORTED
BY NONMINIMAL CURVATURE-MATTER
COUPLINGS
A. Spacetime metric and gravitational field
equations
Consider the following wormhole metric
ds2 = −e2Φ(r)dt2+ dr
2
1− b(r)/r + r
2(dθ2+sin2 θdφ2) (9)
where Φ(r) and b(r) are arbitrary functions of the radial
coordinate, r, denoted as the redshift function, and the
shape function, respectively [33]. The radial coordinate
r is non-monotonic in that it decreases from infinity to a
minimum value r0, representing the location of the throat
of the wormhole, where b(r0) = r0, and then it increases
from r0 back to infinity.
A fundamental property of a wormhole is that a flaring
out condition of the throat, given by (b − b′r)/b2 > 0, is
imposed [33], and at the throat b(r0) = r = r0, the con-
dition b′(r0) < 1 is imposed to have wormhole solutions.
It is precisely these restrictions that impose the NEC vi-
olation in classical general relativity. Another condition
that needs to be satisfied is 1−b(r)/r > 0. For the worm-
hole to be traversable, one must demand that there are
no horizons present, which are identified as the surfaces
with e2Φ → 0, so that Φ(r) must be finite everywhere.
In the analysis outlined below, we consider that the red-
shift function is constant, Φ′ = 0, which simplifies the
calculations considerably, and provides interesting exact
wormhole solutions. If Φ′ 6= 0, the field equations become
forth order differential equations, and become intractable
in the presence of a nonminimal curvature-matter cou-
pling.
For simplicity, throughout this paper, we consider the
specific case of f1(R) = R, so that Eq. (2) can be ex-
pressed in the following form
Rµν − 1
2
Rgµν ≡ Gµν = [1 + λf2(R)]T (m)µν
−2λ [F2(R)LmRµν − (∇µ∇ν − gµν)LmF2(R)] .(10)
4Note that the curvature scalar, R, for the wormhole met-
ric (9), and considering Φ′ = 0, is given by
R =
2b′
r2
. (11)
B. Energy condition violations
A fundamental point in wormhole physics is the en-
ergy condition violations, as mentioned above. However,
a subtle issue needs to be pointed out in modified the-
ories of gravity, where the gravitational field equations
differ from the classical relativistic Einstein equations.
Note that the energy conditions arise when one refers
back to the Raychaudhuri equation for the expansion
where a term Rµνk
µkν appears, with kµ any null vec-
tor. Imposing Rµνk
µkν ≥ 0 ensures that geodesic con-
gruences focus within a finite value of the parameter la-
belling points on the geodesics. However, in general rel-
ativity, through the Einstein field equation one can write
the above condition in terms of the stress-energy tensor
given by Tµνk
µkν ≥ 0. In any other theory of gravity,
one would require to know how one can replace Rµν us-
ing the corresponding field equations. In particular, in a
theory where we still have an Einstein-Hilbert term, the
task of evaluating Rµνk
µkν is trivial. However, in f(R)
modified theories of gravity under consideration, things
are not so straightforward.
For convenience Eq. (10) may be written as the fol-
lowing effective gravitational field equation
Gµν ≡ Rµν − 1
2
Rgµν = T
eff
µν , (12)
where the effective stress-energy tensor is given by
T effµν = [1 + λf2(R)]T
(m)
µν − 2λ
[
F2(R)LmRµν
−(∇µ∇ν − gµν)LmF2(R)
]
. (13)
In this context, the positivity condition, Rµνk
µkν ≥ 0,
in the Raychaudhuri equation provides the following form
for the null energy condition T effµν k
µkν ≥ 0, through the
modified gravitational field equation (2).
In principle, one may impose the condition
T
(m)
µν kµkν ≥ 0 for the normal matter threading the
wormhole. This is useful as applying local Lorentz
transformations it is possible to show that the above
condition implies that the energy density is positive in
all local frames of reference. This condition imposes
interesting restrictions on the stress-energy tensor T
(m)
µν
threading the wormhole. From Eq. (13), the condition
T effµν k
µkν < 0, and considering that 1 + λf2(R) > 0,
imposes the restriction
0 ≤ T (m)µν kµkν <
2λ
1 + λf2(R)
[
F2(R)LmRµνkµkν
−kµkν(∇µ∇ν − gµν)LmF2(R)
]
. (14)
In order to have viable solutions, this inequality imposes
the following additional restrictions
F2LmRµνkµkν ≷ −kµkν(∇µ∇ν − gµν)LmF2 , (15)
for λ ≷ 0. For the case of 1+λf2(R) < 0, then we simply
arrive at the generic condition
T (m)µν k
µkν >
2λ
1 + λf2(R)
[
F2(R)LmRµνkµkν
−kµkν(∇µ∇ν − gµν)LmF2(R)
]
. (16)
However, in all the asymptotically solutions we have
treated, and in particular, in the analysis presented be-
low, it is extremely difficult to find exact asymptotically
flat solutions in which T
(m)
µν kµkν ≥ 0, due to the non-
linearity of the gravitational field equations. Neverthe-
less, we do present an exact solution where an increasing
value of the nonminimal coupling parameter λ does in-
deed minimize the NEC violation for the normal matter
threading the wormhole throat.
C. Specific case: f2(R) = R
Consider the specific case of f2(R) = R, and we choose
the Lagrangian form of Lm = −ρ(r), so that the field
equation (10) reduces to
Gµν = (1 + λR)T
(m)
µν + 2λ [ρRµν − (∇µ∇ν − gµν)ρ] .(17)
The stress-energy tensor for an anisotropic distribution
of matter threading the wormhole is given by
Tµν = (ρ+ pt)Uµ Uν + pt gµν + (pr − pt)χµχν , (18)
where Uµ is the four-velocity, χµ is the unit spacelike
vector in the radial direction, i.e., χµ =
√
1− b(r)/r δµr.
ρ(r) is the energy density, pr(r) is the radial pressure
measured in the direction of χµ, and pt(r) is the trans-
verse pressure measured in the orthogonal direction to
χµ.
Thus, the gravitational field equations are given by the
following relationships
2λρ′′r(b− r) + λρ′(rb′ +3b− 4r) + ρ(r2 +2λb′)− b′ = 0 ,
(19)
4λrρ′(b−r)+2λρ(b−b′r)−rpr(r2+2λb′)−b = 0 , (20)
4λr2ρ′′(b− r) + 2λrρ′(rb′ + b− 2r)− 2λρ(rb′ + b)
−2rpt
(
r2 + 2λb′
)
+ b− rb′ = 0 . (21)
The non-conservation of the stress-energy tensor, Eq.
(6), provides the following expression
rp′r(r
2 + 2λb′) + 2λrb′′ (ρ+ pr)
−4λb′ (ρ+ pt) + 2r2 (pr − pt) = 0 . (22)
5Relative to the energy conditions, considering a radial
null vector, the violation of the NEC, i.e., T effµν k
µkν < 0,
takes the following form
ρeff + peffr =
1
r2
[
− 2λr2ρ′′
(
1− b
r
)
+(ρ+ pr)
(
r2 + 2λb′
)
+ λ (rρ′ + 2ρ)
(
b′r − b
r
)]
,(23)
where ρeff + peffr < 0. Using the gravitational field equa-
tions, inequality (23) takes the familiar form
ρeff + peffr =
b′r − b
r3
, (24)
which is negative by taking into account the flaring out
condition, i.e., (b′r − b)/b2 < 0, considered above.
At the throat, taking into account the finiteness of the
factor ρ′′ at the throat, one has the following relationship
(
ρeff + peffr
) ∣∣
r0
=
1
r20
[
(ρ0 + pr0)
(
r20 + 2λb
′
0
)
−λ (r0ρ′0 + 2ρ0) (1− b′0)
]
, (25)
which implies the following general condition
(ρ0 + pr0)
(
r20 + 2λb
′
0
)
< λ (r0ρ
′
0 + 2ρ0) (1− b′0) . (26)
One now has three equations, with four functions,
namely, the field equations (19)-(21), with four unknown
functions of r, i.e., ρ(r), pr(r), pt(r) and b(r). Obtaining
explicit solutions to the Einstein field equations is ex-
tremely difficult due to the nonlinearity of the equations,
although the problem is mathematically well-defined.
One may adopt different strategies to construct solutions
with the properties and characteristics of wormholes. For
instance, one may consider a plausible matter-field dis-
tribution, by considering convenient stress-energy tensor
components, and through the field equations determine
the metric field b(r). In particular, one may specify an
equation of state pr = pr(ρ) or pt = pt(ρ), thus closing
the system. The specific case of an isotropic pressure,
pr = pt, also closes the system of Eqs. (19)-(21), but it is
impossible to find an exact solution. Thus, in this work
we only consider the anisotropic pressure case.
In principle, we can also adopt the approach in which a
specific choice for a physically reasonable shape function
b(r) is provided and through Eq. (19), ρ(r) is determined,
thus consequently providing explicit expressions for the
remaining stress-energy tensor components, through Eqs.
(20) and (21).
An alternative approach is to specify a physically rea-
sonable form for the energy density, and thus solve Eq.
(19) to find the shape function. The general solution of
Eq. (19) for b(r) is given by
b(r) =
[∫
r exp[g(r)](−ρr + 2λρ′′r + 4λρ′)
λ(ρ′r + 2ρ)− 1 dr + C
]
×
× exp[−g(r)] , (27)
where C is a constant of integration and, for notational
simplicity, the function g(r) is defined as
g(r) = λ
∫
3ρ′ + 2ρ′′r
λ(ρ′r + 2ρ)− 1dr . (28)
The radial pressure and the lateral pressure are conse-
quently given by Eqs. (20) and (21), and take the follow-
ing form
pr(r) = [4λrρ
′(b − r) + 2λρ(b− b′r) − b] / [r(r2 + 2λb′)] ,
(29)
pt(r) =
[
4λr2ρ′′(b− r) + 2λrρ′(rb′ + b− 2r)
−2λρ(rb′ + b) + b− rb′]/ [2r (r2 + 2λb′)] ,(30)
respectively.
D. Specific solution: ρ(r) = ρ0(r0/r)
α
Adopting this latter approach, consider the specific
energy density given by the following monotonically de-
creasing function
ρ(r) = ρ0
(r0
r
)α
, (31)
with α > 0, and ρ0 > 0 is the energy density at the
throat. Thus, taking into account Eq. (31) and solving
Eq. (27), the shape function is consequently given by
b(r) =
(
ρ0r
α− 3
)(r0
r
)α{
C + 2αλ (α− 3) hypergeom
([
α− 1
α
,−1 + α
α− 2
]
,
[
2α− 1
α
]
,−ρ0λ
(r0
r
)α
(α− 2)
)
−r2hypergeom
([
−α+ 1
α− 2 ,
α− 3
α
]
,
[
2α− 3
α
]
,−ρ0λ
(r0
r
)α
(α− 2)
)}[
λρ0
(r0
r
)α
(α− 2) + 1
] 1−2α
α−2
.(32)
The constant of integration C is deduced by considering b(r0) = r0. The spacetime is asymptotically flat, b(r)/r → 0
for r →∞, if α ≥ 3.
6In particular, imposing α = 3, then Eq. (27) provides the following solution for the shape function
b(r) =
[
6
7
ρ50λ
5 r
15
0
r14
− 1
12
ρ50λ
4 r
15
0
r12
+
48
11
ρ40λ
4 r
12
0
r11
− 4
9
ρ40λ
3 r
12
0
r9
+ 9ρ30λ
3 r
9
0
r8
− ρ30λ2
r90
r6
+
48
5
λ2ρ20
r60
r5
− 4
3
ρ20λ
r60
r3
+ 6ρ0λ
r30
r2
+r30ρ0 ln(r) + C
] [
1 + λρ0
(r0
r
)3]−5
. (33)
The constant of integration is deduced by taking into account the condition b(r0) = r0, and is given by
C = r0
{
[1 + λρ0]
5 −
[
6
7
ρ50λ
5 − 1
12
ρ50λ
4r20 +
48
11
ρ40λ
4 − 4
9
ρ40λ
3r20 + 9ρ
3
0λ
3
−ρ30λ2r20 +
48
5
λ2ρ20 −
4
3
ρ20λr
2
0 + 6ρ0λ +r
2
0ρ0 ln(r0)
]}
. (34)
The shape function is plotted in Fig. 1 for the values
r0 = 1, ρ0 = 0.75 and λ = 0.1. The fundamental worm-
hole conditions, namely, b/r→ 0, as r →∞, and b(r) < r
are obeyed. One may also deduce interesting restrictions
from the derivative of the shape function evaluated at
the throat, which is given by
b′0 =
ρ0(r
2
0 + 3λ)
1 + ρ0λ
. (35)
Note that the condition at the throat b′0 < 1 imposes
the restriction λ < (1− ρ0r20)/(2ρ0). For the values con-
sidered above, i.e., r0 = 1, ρ0 = 0.75 we have that the
coupling parameter possesses the upper limit given by
λ < 1/6.
FIG. 1: The dashed curve represents the function h(r) =
r, and the solid curve the shape function, b(r). The shape
function is plotted for the values r0 = 1, ρ0 = 0.75 and λ =
0.1. The conditions b/r → 0, as r → ∞, and b(r) < r are
obeyed. See the text for details.
The NEC is violated for the normal matter threading
the throat, as can be readily verified from Fig. 2.
FIG. 2: The null energy condition (NEC), ρ(r)+pr(r), profile
for the values r0 = 1, ρ0 = 0.75 and λ = 0.1. See the text for
details.
It is interesting to compare this specific solution with
the general relativistic case, where λ = 0. Considering
the the energy density profile given by Eq. (31), the
gravitational field equation (19) provides the following
form function
b(r) = r0 + ρ0r
3
0 ln
(r0
r
)
. (36)
The geometry is asymptotically flat, i.e., b/r → 0, as
r →∞, and the condition b(r) < r is also obeyed. Rather
than reproduce the plot for b(r), we refer that its profile
is analogous to that of Fig. 1. The radial derivative of
the shape function is given by b′(r) = ρ0r
3
0/r, so that the
flaring out condition at the throat, b′(r0) < 1 imposes
the restriction ρ0r
2
0 < 1.
7The radial pressure and the transverse pressure are
given by the following expressions
pr(r) = − r0
r3
[
1 + ρ0r
2
0 ln
(
r
r0
)]
(37)
pt(r) =
r0
r3
{
1 + ρ0r
2
0
[
ln
(
r
r0
)
− 1
]}
, (38)
respectively.
A challenging endeavor in the literature has been to
find wormhole solutions where normal matter minimizes
the NEC violation at the throat. In this context, we
note that the nonminimal coupling does in fact produce
this effect by increasing the value of the parameter λ.
To verify this, consider the NEC of matter threading the
wormhole throat given by
(ρ+ pr)|r0 =
ρ20λ(2λ + r
2
0) + ρ0(λ+ r
2
0)− 1
3ρ0λ(2λ+ r20) + r
2
0
. (39)
For concreteness, we take into account the specific values
considered above given by r0 = 1 and ρ0 = 0.75, and
from the condition b′0 < 1, we verify that the positive
nonminimal coupling parameter lies in the range 0 <
λ < 1/6. Equation (39) is depicted in Fig. 3, where it
is shown that is possible to minimize the NEC violating
matter for increasing values of λ.
FIG. 3: The general relativistic deviation profile for the values
r0 = 1, ρ0 = 0.75 and λ = 0.1, considered at the throat. Note
that it is possible to minimize the NEC violating matter for
increasing values of λ. See the text for details.
Thus, the example outlined in this section shows that
one may in principle construct wormhole geometries
supported by a nonminimal curvature-matter coupling,
which is translated through an exchange of energy and
momentum between both. Although it is difficult to find
exact solutions of matter threading the wormhole satis-
fying the energy conditions at the throat, exact solutions
were found where the nonminimal coupling minimized
the violation of the null energy condition of normal mat-
ter at the throat.
IV. CONCLUSION
Wormholes are hypothetical tunnels in spacetime, pos-
sibly through which observers may freely traverse. How-
ever, it is important to emphasize that these solutions are
primarily useful as “gedanken-experiments” and as a the-
oretician’s probe of the foundations of general relativity.
It is an important and intriguing challenge in wormhole
physics to find a realistic matter source that will support
these exotic spacetimes. In this work wormhole geome-
tries in curvature-matter coupled modified gravity were
explored, by considering an explicit nonminimal coupling
between an arbitrary function of the scalar curvature,
R, and the Lagrangian density of matter. The coupling
between the matter and the higher derivative curvature
terms describes an exchange of energy and momentum
between both.
The general restrictions imposed by the null energy
condition violation were presented in the presence of
a nonminimal R−matter coupling. Furthermore, ob-
taining exact solutions to the gravitational field equa-
tions is extremely difficult due to the nonlinearity of the
equations, although the problem is mathematically well-
defined. Thus, we outlined several approaches for find-
ing wormhole solutions, and deduced an exact solution
by considering a linear R nonmiminal curvature-matter
coupling and by considering an explicit monotonically de-
creasing function for the energy density. Although it is
difficult to find exact solutions of matter threading the
wormhole satisfying the energy conditions at the throat,
exact solutions were found where the nonminimal cou-
pling minimized the violation of the null energy condition
of normal matter at the throat.
In conclusion, it is well known that f(R) modified the-
ories of gravity are equivalent to a Brans-Dicke theory
with a coupling parameter w = 0, and a specific poten-
tial related to the function f(R) and its derivative. As
a bridge to the work outlined in this paper, it would be
interesting to analyze the equivalence between a suitable
scalar theory and a model with a nonminimal curvature-
matter coupling and its relationship to wormhole physics.
Work along these lines in presently underway.
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